Chem 542 Problem Set 7

1. Can you show that:
ihf Y (x") Y -ox' =in

using Dirac notation? You can assume that (y|y) = 1. Hint: You can reverse engineer
this problem quite easily.

Answer: You should recognize you are observing a resolution of the identity:
[wran - wan-ox = [l - ox
Now you can remove [|x'){x'| - dx’ = 1 leaving (y|y)) = 1. Hence, the constants remain.

2. Can you show that (y|[%, p]|y) = ih? Please use Dirac notation to solve this problem,
which requires double resolutions of the identity (in x" and x"'). | suggest you use the
resolutions to “bracket” the p operator with x’and x"* so that you can use the following:
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Hint: We assume the state ¥ is normalized, i.e.: (¥ |y) = 1.

Answer: (y|[x,pl|Y) = (Y|x - PlY) — (Y|P - X|Y). Next we doubly resolve identities:

W%, pll) = f f WIRI Yo [Pl " [) - 0’ 9"
- J j Wlx")x! [Pl Wx" | R|) - Ox' dx”

=jjX’<¢IX’><X’Iﬁlx”)(x”ItP)-ax’ ox" —Jj(tlflx’)(x’Iﬁlx”)x”(x”llm-ax’ ox"
Let’s do the first one first:
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f fx’ “Pr(x’) - {—ih ax’} S(x' —x")-yP(x'")-ox" dax" = —ihfx’ P (x’) -
Likewise the other one is:

f f WY [Pl (" ) - 0’ D" =



f f v {-in %} SC —x") - x" - P - 9’ Ox”
= —ihfl/}*(x

You have to use the product rule on the above:
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- _ihfw*(x') P(x) - 0x' — ihf X' () - al/a’i’f’) - 0x’
Now when you put it all together:
—in x50
- {—ihfl/}*(x’) p(x') - Ox' — ihfx’ -lp*(x')-algi’f’)-ax'}

—in [ WG Y- 0x' =
due to the fact that: [¢*(x") - p(x) - dx’ = 1.
3. Suppose A and B are two Hermitian operators. a) If:
AAJp) = 2+ AB[)

where 1 is purely imaginary, can you show that the uncertainty principle yields the
lowest possible result:
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WI(84) )| (aB) 1) = 5 [wI[B, 4]lw)|”

Hint: First show that (| (A4)° [W)(w|(AB)*|w) = |(p|ABAA|W)|. Next:
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(WIABAAY) = = (I[AB, AA] 1) + 5 (WI{AB, A4} )

where ’17 = —1 is used to show that the second term (the anticommutator) is 0. Also

recall from class that (y|[AB, AA]|y) = (|[B, A]|y), and based on the information given
in the problem:

ABly) = —AA|¢>and<¢|AA PRUANY:

b) Can you also show that: (1/J|(A§) ) = %(I/A[B,A]h/))? FYI, this is how we knew
that:



o= (wI[B Al
2(p1(8B) 1)

c) Using: Ap [) = A+ A%|y), show that the minimum uncertainty wavepacket
satisfying: (¢ |[%, p]|y) = ik is given by:
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Hint: As above A = 2B D) and you need to use this identity:
—x? x (%) —(x — (x))?
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Aside: The wavefunction above is not fully correct because it isn’t normalized. You
don’t need to show this, but the normalized wavefunction is:

—(x — (x))? N i x(p)
4((Ax)?) h
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(x|y) = (W) exp

Answers: a) A First, we use the fact that AA|yp) = A - AB|)) below:
WI(AA)° () = (PIAAAAL) = (IAA- - ABIy)

Likewise, since AB|ip) = > AA[): W|(AB) 1) = (W|ABAB[p) = (|AB -2 AA[p). Thus:

DAYy =

YN

| (0A)? ()| (AB)? 1) = (PIAA - 1 - ABp)(|AB

A A ~ s ~ o a A a .
7 WIAAABIYNYIABAAY) = (WIABAA[W) (| ABAA|p) = |(p|aBAALW)|’

where the fact that (Y|AAAB|p) = (Y|ABAA|p)* is due to the fact that the operators are
Hermitian. Next, we have already shown in class that:

~a 1 PO 1 ~ A
(WIABAAIY) = = (pI[AB, AA] 1Y) + 5 (pI{AB, A4} w)

where the anticommutator is: (p|{AB, AA}|y) = (Y|ABAA|Y) + (p|AAAB|p), and shown
below is why this anticommutator is 0. First, we insert the identities discussed in the

problem: AB|y) = %A/ihp) and (Y|AA = A*(1p|AB), into the above:
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(WH{AB, AR} ) = (WIABAAY) + (YIAAABIY) = (PIABAALY) + A" (p|AB -
Since ’17 = —1 when 1 is imaginary, we are left with:

(WH{AB, AA}) = (YIABAAp) — 2" (Y|ABAA|Y) = 0

Thus, (Y|ABAA|Y) = %(1/)|[AB,A/T]|1/)), which we showed in class is (|[AB, AA]|) =
(¥|[B, A]|y) and as a result:
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b) We demonstrated in pt. a that:
(wIABAAIY) = 5 (w188, Ad] )
Since (Y|ABAA|Y) = A(p|ABAB|p) = §<¢|[A§,AA]|¢>, we are left with:
(V18BABIY) = (p1(8B)'19) = o= (a3, ad]ip)

C) First start with Ap ) = 1 A%|y) and apply a (x| bra to the left:

0
(H|AB 1) = (212~ M%) = (=ih=—— (B)) (xIp) = 2@ = (D)

As a result:—ihitp(x) — (P (x) = A-x-YP(x) — (X)Y(x). We can factor this as:
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We can divide out by to get the log derivative on the left:

P'(x)
U4€9)

=In(y(x)) = f%(l-x +(p) — A (&) 0x

Thus, Y(x) = exp f%(l x4+ (p) — A -(X))0x = exp (% (/—1 x2+x-(Py—A-x- (2))). Here
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we can use the identity
_ WIBAlY) _ @lxplly) _ ih

= — = = and as a result:
20P|AB2 )y 2(P|AR2|p)  2(P|ARZ[yh)




B i ih - x? i ih-x-(X)
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Now we can use the identity I + AT 4

—(x — 2 i
W) = exp (<t ox- 9)

1

If you normalize it you would find that the normalization constant is (mzfz))z.

4. Consider a particle of mass m in a linear potential of the form V(x) = E — F(x — a),
where E is energy while F and a are constants. By solving the Schrodinger Equation in
the momentum representation:

2m

{p— +E—F(x— a)}l/J(P) = EY(p)

show that the wavefunction ¥ (x) is given by:

(0]

1( p
Yx)=C Jexp [E<6mF+p(a—x)>] dp
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Hint: | was Googling how to solve the above, and | ran into this website which states:

For the 15t order homogeneous differential equation:

ay
T p(t)y =0

The solution is: f%y = [ —p(t)ot.
Now all you have to do is “translate” the p’s, y’s and t’s to conform to your problem.

Answer: The idea is to use the fact that x = ihaa—p and then use the general form for a

15t order differential equation:

2 0
2 V2 + BV () — iF 3 (p) ~ Fap(p) = EY (p)


https://www.whitman.edu/mathematics/calculus_online/section17.02.html

Note how the cancel leaving:

a 2
th% _ (p— + Fa)t/)(p) —0

2m
Therefore:
0 1 2
) _1(p” op
Y(p) h\2mF
Now integrate both sides: fm = In (¥(p)) while the other side is: fi( LA a) dp =
¥(p) ih \2miF
%(Jn—F + pa) and thus y(p) = exp {% (;n—F + pa)}. Next, you transform the momentum
representation into space via:
()_jo (ipx) () _jo (px) 1/( p® N oy —
Y(x) = exp " Y(p)ip = explhexp T\ e pa p=

r 1( p? px r 1( p?
fexp{£<6mF+pa>—E}ap— fexp{a<6mF+p(a—x) dp

—00

5. Extra Maths Learnings! Let 4 and B be any operators and 1 is a constant.
Please show that:

. P BT SR AT
fQ) = e A = A+ A[4,B] +2*|[4.B]. B] + - = Z —[4.8],

n=0
where [4, B] is the n-fold commutator of A and B, i.e. [4,B] = [[A,E]n_l,}?]

Hint: It is tempting to expand the exponentials into their Taylor series, FOIL them out,
and show that the expression is consistent with Z;‘{’zo'% [A,E]n. However, we will go a

different way, which is to show consistency with the uniqueness theorem from last
problem set.

a) First, take the derivative of f(1) = e~*B 4e?B and show that the result is consistent
with:

f'@=1f.8]



21 Hint: You can rearrange an operator: Be’? as: e?2B since an operator and function
of that same operator commute.

b) Next, show that the derivative of f(1) = Z,‘;"_Ol—r: |4, B]_is consistent with the result

from pt. a. | hope you remember that — = and here is a useful identity:
n
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A
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Aside: The unigueness theorem states that there can only be one solution to a
differential equation under certain conditions. Here, you are showing that the differential

equations %e‘mfiem and %Zﬁol—’:[ﬁ,é] are both f'(1) = [f, B], and thus it must be

true that the solutions to f'(1): e *84e*8 and ¥, = ~ [A B] are in fact the same.

Answer: a) The derivative is:

f'(1) = —Be *BAe?? + ¢ B iBe?B = —Be "B AP 4 =2
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Given that | gave you the answer, you can easily show that:
-Bf(M) + f(WB = [f,B]

b) Next, take the other derivative:
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If that last step confused you, note that in the middle expression that the n=0 is 0, so

you don’t need to include it in the summation. Also we used the fact that: % = (n—ll)"

Last, we can use the fact that we can switch n’=n-1 as:

A1 ) © P A o
(n—n'A Zn—“m /.8l = 1™

so the proof is complete.



