Chem 542 Problem Set 6
1. Using the rules of Dirac notation algebra, prove or evaluate the following:

a) If X and Y are operators, then we can say that XY is also an operator. Can you show
that the trace of X¥: tr(XY) is equal to tr(YX)?

Hint: the trace of an operator Q is defined as: ¥ 4/(a’|Q|a’)
b) Prove: (XY)* = Y*X*, where X and ¥ are operators.

To start this derivation, first note that (| (XY)*|¢)* = (¢|(XTY)[¥); you will next want to
resolve an identity (1 = Y, |a’){a’|) and note that (¢|X|a’) = (a’|XF|¢p)*

C) Yar P (XY (x") =8(" —x"), where ¢,/ (x") = (x'|a’). Hint, the last step is:
<xlllxl) — 6(xll _ xl)
Answers:

a) As the trace of the XY operator is defined as: Y ,/(a’|XY|a’), and for the first step we
resolve an identity:

> D (@IRlana?la)

Now you can rearrange the interior because (a’'|X|a’) and (a’|Y|a’) are just numbers:

> D @iRlaxaPla) = ) Y (@|fla)a|fla)

Now you can remove a resolved identity: Y, Y q{a’|V|a'Wa'|X|a') = Yo {a” |V X|a')
which is the same as tr(YX).

b) First we start with (p|(XY)*|¢)*. This is because we can immediately use this
expression: (Y| (X)) *|¢)* = (¢|(XY)|y) and go further by inserting a resolution of the
identity:

WIRD)'19)" = @ITTIY) = D (@IfIa'N@|PI)

Next, flip the order and remember those complex conjugates:



D (@IRlaNKa PR = D (@' IR ) IFH ')
a’ a’
Since (a'|X*|¢)* and (y|Y*|a’)* are just numbers you can rearrange them:
D@ IRy @ITHa)Y = ) @ITH ) (@ 18|y
a’ a’
And you can remove the resolution of the identity:

D WP @) @IR*19) = (ITR* |9y

a

To summarize, (Y|(XY)*|¢)* = (Y|V*X*|¢)*, which must mean that (XV)* = V*X*.

There is another way to do the derivation without resolving an identity. First, we note
that, by definition: (1p|()??)+|¢)* = (¢|(XY)|). Recall that: (XY)|yp) = X(Y|y)) and that:
(#1(XY) = ((¢]X)Y. Thus we can state:

(@1(X7) 1) = ((BIX) (V1))
We can insert the following equivalences: Y|y) = (p|V*+ and (¢|X = X*|¢) to yield:
(pI)(F 1)) = (X* 1)) ((wI7*)

When you permute the order: (X*]¢))((p|7*) = {({p|7*)(X*]¢))} you have to pick up
a complex conjugate (because you’re basically doing this: (¢|y) = (¥|¢)*). The
expression {({|7+)(X*|$))} is of course equal to: (¥)|7+£*|¢)*. When you put the 15t
step in with this last one you get:

PPN ~, A
WI(XY) ) = (IV*X*|9)"
which is the point of the proof.

C) First insert the bra-ket notation and make one simple rearrangement:

D@ a) = ) (@ la)a'|x)
a’ a’
Now since ), |la’)a’| = 1 we are left with:

<xlllxl> = 6(xll _ xl)



2. Let’s say that an operator has the form: X = a, + @ - a. This isn’t explained well, but
what this means is that @ are the spin matrices in X, y and z (o, gy,0,) and a, is a
weighted identity matrix. Likewise, a is a vector with components a, in the x-direction,
and the same fory and z. Thus: X = ayl + a,6, + a0, + a,6, =

peall Gral Yol Glraly O

a) Please sum these to show what the full matrix form of X is.
b) What is tr(X)? Hint: the trace of X is simply the sum of the diagonals
C) What are ¢r(@ - X)? Hint, this is really three questions in one, which are tr(6y,, ,X)
Answers: a) You literally just add up the matrices into one:
] A B P g R i
0 Ay ia, a, +ia, ag—a,
b) The sum of the diagonals is: 2a,

~ ap, +a —la
c) The trace of: tr(6,X) = tr( ] [a O_|_ laZ - ayD -
x y Qo z

a, +ia ap—a
tr([x Y 0 .Z])=2ax
ap+a, ax—1lay

- —j1faot+a a, —ia —ia, +a, —iag+ia
also: tr(6,X) = tr ([0 l] [ 0 y]) = tr ([ oy T Z]) = 2a
i O0llay+iay, ap—a, lag +ia, lay +a,

and:
Sy [l 07[%Faz axr—iay]y _ ot a; ax_iaY)—
tr(O-ZX) =tr <[O —1] [ax + iay apg —a; ]) =t ([_ax - iay —Qo + aZ] - Zaz

3. a) Show that the determinant of the following 2x2 matrix @ - a is invariant under the
similarity transformation:

R ., [0 no\ _ —iong
a-a—>a-a=exp( > )a-aexp(T)

Hint: To state that a matrix is invariant after transformation means that the trace is the
same before and after the transformation. Also, here are some properties of
determinants: det{A-B -C} =det{C-A-B} =det{B-C - A}

y



b) Find a’,,, , in terms of a, , , where n is a vector in the z direction. What this means is
that n has component n, in the x-direction, n,, in the y-direction, and n, in the z-
direction, and thus if n is in the z positive z direction thenn, =n, =0 andn, = 1.

Please interpret your results.

Answer: a) The idea is to show that:

det {exp (i& ' nqb) (G- a) -exp (#)} =
det{exp (‘“A’T"‘P) exp (ia 2 n¢>> . a} _

—io-'n io'n
det{exp( > ¢+ > (p)-&-a}

det{l -0 a} = det{o - a}
b) First, you should know that:

et =7 gen G legem [l legenly O

Ea-nd)—

Since we are in the z direction n, = n,, = 0 and thus:

[ N §¢ 0
E(P . a' . n frd i
0 —_ =
2 ¢
: : g e%‘l’ 0
and taking the exponential means: exp (T) = :
0 e2?
i ¢ a a, —ia
Likewise: exp (L"d’) = le 2 0 l and: 6 -a = [ z x y]
2 L a, +ia —a,
0 ez x y

Now we have to solve this:

i6-ng\ —ig-np\ [3% o o, a-ia]]3 o
e T ) B G N ISR | S
e




Lo Ly , .
e’ -q,-e 2 (a, —iay)- el¢ (ay —iay)- eld

aZ
(ay + ia,) - e~ e—%d; —a,- G%J [(ax +ia,)-e"® —-a,
Hence, we see that: a’, = a, while the off-diagonal elements have to be evaluated as:

(ax - iay) el = (ax — iay)(cos(¢) +i-sin(¢p))
= a, - cos(¢) + a,, - sin(¢) — i{—ax -sin(¢) + ay, - cos((p)}

And (ax + iay) et = (ax + iay) - (cos(¢p) — i - sin(¢p)) =
ay - cos(¢) + a, - sin(p) + i{—ax -sin(¢) + ay, - cos(d))}
Since the real components of the off diagonal should be equal, thus:
a'y = ay - cos(¢) + ay, - sin(¢)
Likewise the imaginary components switch signs but reveal:
a'y = a, - cos(¢p) —ay - sin(¢)
These are simple rotations.

4. Here you are going to practice with similarity transforms. a. Please construct the 2x2
transformation matrix U* that connects the S; diagonal basis to the Sx basis. You can
figure it out using relationships derived from:
Sx; +) = U*| +)
and
|Sx; =) = U*| =)
L
and the fact that: | +) = [(1)] | —) = [(1)] |Sx; +) = ‘/15 Sk =) =
V2
b. Now try to construct the 2x2 transformation matrix U using the general relation:

0= Z|b<r>)(a(r)|

Sl &l

Hint: As it applies to this question, this means:
U = |Sx; +){+] + |Sx; =X~

C. Can you show that U+0U = 1?

Answer: a. First, we construct a 2x2 matrix with elements xj such that:



[ allol =

al =Sl

and

[ 0] =2

X21  X22 —_1
/2]
Multiply these out:
1
X11'1+x,°0=—; 1" 14+%x5,"0=—; X110+ x15,°1=—; X104+ x5, 1=——
11 12 \/E 21 22 \/z 11 12 \/E 21 22 \/Z
It is immediately clear that: x,, = %; Xyy = %; Xpp = %; Xy = —%
L1
. e V2o vz _ 11 1
And the transformation matrix is: 1 _\/5[1 _1].
V2 V2
b. First insert the definition of [Sy; +) = | +) +71§ |-)and |Sx; =) =|—) — \/%|—) :
U= (=10 + =)+ (51 + =12 -] =
V2 V2 V2 V2 -

(10 + 5 10 + (1 4l = -1 =
1

\/Z(l B+ =D + (N = 1=X=D

This is equivalent to

1 1 1 —
wh Algh Sl=zh A6 Sl=61 dal=h

5. Let’s say you are using quantum chemistry to model a solid-state material such as
semiconducting CdSe. The electronic structure can be solved using the “tight binding”
approximation, where you model the interaction of nearest neighbor atoms only. In



CdSe, we model the cadmium’s 5s and 5p orbitals, and each orbital has a certain “self”
energy ecq s (for the 5s) and ecq s y,, (for the three 5p’s). A Hamiltonian matrix that
describes a cadmium atom by itself is:

|Sca) |px,Cd> |py,Cd> |pz,Cd>

(Scal recas O 0 0
(Pxcal| 0 ecap O 0
(pycall 0 0 €ca,p 0
(ol O 00 gyl

The eigenvalues are ¢4, and three degenerate &, Which makes perfect sense. The
trace is ecq s + 3€cap-

When you throw in a single nearby Se atom (with its 4s and 4p orbitals) you get this
Hamiltonian matrix:

Scd px,Cd py,Cd pz,Cd Sse px,Se py,Se pz,Se

Scd [€cd,s 0 0 0 Vss Vsp Vsp V:sp 1
Px.cd 0 €cdp 0 0 Vps Vxx ny ny
Py 0 feap O T ey e Yy
Pzca| O 0 0 Ecap Vos  Viy Vay  Vax
Sse | Vss Vos Vos Vos  Eses 0 0 0
Px.se Vps V;cx ny V;cy 0 Ese,p 0 0
Pysel Vos Vey Vex Vg 0 0 &5 O
Pose | Ve Wiy Vip Vee 0 0 0 gl

where all the g, 5, matrix elements are the orbital energies for Se, and the coupling
terms V represent the interaction of the Cd and Se atoms’ atomic orbitals. Let’s say you
add “n” more Cd and Se atoms to the matrix and calculate the eigenvalues, you are
able to determine the energies of the (CdSe)n cluster. If you then allow n—<« then you
are able to model the true solid state {1,1,1}

electronic structure. FYI the various energies
and coupling terms can be derived from
experiment or higher-level theories, which is
why the tight binding method of quantum
mechanics is called “semi-empirical”.

None of this is the question- here is the
real problem. It turns out that you can’t model
an infinite number of atoms, and thus you are
going to have to have a surface with atoms
that are missing one or more bonding b
partners. This results in “surface states” {1,-1,-1)

a

{-1,-1,1}
d

{-1,1,-1}




appearing in the set of eigenvalues. This question seeks to understand surface states
using the tight binding formalism. To begin, we first note that Cd has a tetrahedral
environment as shown below, with four Se atoms that we label a, b, c, or d based on its
coordinates within the cubic unit cell (CdSe may adopt a zinc blende structure which is
in the cubic family). It makes more sense to think of the bonds as sp? hybridized orbitals
rather than use the “block” s, px, py and p: states. How do we transform the Cd matrix
from the block to the sp? hybrid form? First, note that the four sp® bonding orbitals are:

Hybrid 1: [sp3)~|s) + |px) + [py) + |P2)

D2

)
Hybrid 2: [sp3)~|s) + |px) — Ipy) — |p2)
Hybrid 3: [sp2)~|s) — |px) + |py) —

)

Hybrid 4: [sp3)~|s) — [px) = py) + IP2)
Did you notice how the +’s and —'s track the location of the Se atoms in the unit cell?

a. Now your question is first to derive a matrix, U™, that transforms a vector that
describes the cadmium block orbitals in the block form:
[15)]
|17:)
D))
Lip,)]

into the hybrid form. Next, apply U™* to the cadmium Hamiltonian:

& 0 0 0
|0 g 0 O
g =
0 0 & O
0 0 0 ¢

p

using the formula U*HU to transform it into the sp? hybrid form. Hint, you also need to
know U, which you can figure out using U+U = 1.

b. When you calculate U*HU, its going to look something like this:

Isp3) Isp3) |Isp2) |sp3)
(spalT @ b b

b
(sppl| b @ b b
(sp3|| b b a b
(spglt® b b a

where a and b are functions of ¢;,,.



What are the eigenvalues and trace of this matrix? Discuss whether the result makes
sense.

C. If one or more of the Se atoms are missing for the surface bound Cd, then we are
going to get undesirable surface states. Instead, what we can do is pretend to add a
ligand that passivates the surface by raising the energy of the orbital. For example, if we
are missing two Se atoms, at positions a and c, then we can add “6” amount of energy
to those diagonal elements as follows:

Isp3)  Ispp)  Isp3)  |sp3)

(spalf a+6 b b b
(sppl| b a b b
(sp3| b b a+d b
(sp3|l b b b a

This passivates the surface along these bond vectors and prevents surface states from
forming. Now we ultimately need to transform the above back to the block form to use it.
How do you do that? Please use Matlab to do so and show the results.

d. Let's say that the Cd atom was by itself and needs passivation along all four bond
vectors. Can you represent:

|sp3) Ispi) |spd) Isp3)
(spal[ a+6 b b b
(sppl| b a+é8 b b
(sp3|| b b a+é b
(sp3|l b b b a+é

in the block form and discuss why the result makes sense?

Last Hint: | am basing this problem off of Lee et al. Phys Rev. B (2004), 69, 045316.
You might want to look at it. There are also some Matlab codes in the appendix.

Answer: a. First define the matrices using Matlab:

syms es ep d;

cdH=[es, 0, O, O0; 0, ep, 0, 0; O, 0, ep, 0; O 0 O epl;
eig (cdH)

J=[(1, 1, 1, 1, 1, 1, -1, -1; 1, -1, 1, -1; 1, -1, -1, 11;
transU=inv (U) ;

sp3cd=transU*cdH*U;

sp3cd

sp3cd =

[ (3*ep)/4 + es/4, es/4 - ep/4, es/4 - ep/4, es/4 - ep/4]
[ es/4 - ep/4, (3*ep)/4 + es/4, es/4 - ep/4, es/4 - ep/4]
[ es/4 - ep/4, es/4 - ep/4, (3*ep)/4 + es/4, es/4 - ep/4]


https://journals.aps.org/prb/abstract/10.1103/PhysRevB.69.045316

[ es/4 - ep/4, es/4 - ep/4,

Let’s make that look nicer:

es/4 - ep/4,

(3*ep) /4 + es/4]

lsp3) |sp3) |spd) Isp3)
(sp3|[&s 3% & _& & _ & & _ %
4 4 4 4 4 4 4 4
pif| E_f s, 3Em & B & &
4 4 4 4 4 4 4
<5p3| i_g_p i_g_p i 3.817 i_f‘:—p
1 4 4 4 4 4 4 4
& & &, & & € & 3-¢
3 s P N 14 S 14 S 14
—_——— —_——— ——— —+
(spall 2777 44 44 42" a
b. First define a new matrix as:
delta=[d, 0, 0, 0; 0, 0, 0, 0; 0, 0, 4, 0; 0, 0, 0, 0]
newsp3cd=sp3cd+delta;
newsp3cd =
[d+ (3*ep)/4 + es/d4, es/4 - epl4, es/4 - epld, es/4 - epld]
[ es/4 - epl4, (3*ep)/4 + esl4, es/4 - epld, es/4 - epld]
[ es/d - epld, esld-epld, d+ (3*ep)/d + esld, es/4 - epld]
[ es/4 - epld, esl4 - epld, es/4 - epld, (3*ep)/4 + es/4]
Let’'s make that look nicer:
sp3) sp3) |spd) lspa)
i 3-¢ £ g, € & & 1
(sp3|[E= PLs E_% & _%p & _ %
S I 4 4 4 4 4 4
(spil| B % &, 3 & & _ % & _%
4 4 4 4 4 4 4 4
. & & & & & 3§ & &
S —_—— - —+ +5 —=———
bpell 373 4 4 47 1 4 4
& & &, € &, € g, 3-¢
3 s 14 N 14 S 14 S p
——— ——— ——— —+
(spall 3 =7 4 4 4 4 471
Next we transform back to the block form:
newcdH=U*newsp3cd*transU
[d/2 + es, 0, d/2, 0]
[ 0, d/2 + ep, 0, d/Z]
[ d/2, 0, d/2 + ep, 0]
[ 0, d/2 0, d/2 + ep]
Again let’'s make this more readable:
ISca) |px,Cd> Ipy,Cd> |Pz,c(1>



(Scal 1e, +6/2 0 5/2 0

(Pxcal| 0 &, +6/2 0 5/2
(pycal| 6/2 0 & +6/2 0
(prcall O 5/2 0 & +6/2]

C. Likewise:

delta=[(d4, 0, O, 0; O, 4, O, O0; 0, 0, 4, 0; O, O, 0O, dI;
newsp3cd=sp3cd+delta;

newcdH=U*newsp3cd*transU;

newcdH =

[d+es, 0, 0, 0]
[ Od+ep, 0, 0]
[ 0 0Od+ep, 0]
[ 0 0, 0,d+ep]

Which looks much better when using the word editor:

ISca) |px,Cd> Ipy,Cd> Ipz,Cd>

(Scal jeg+68 0 0 0
(Prcall 0 g+6 0 0 |
(pycal| O 0 g+ 0 0
(prcall O 0 0 &+6

You simply raise the energy of every diagonal element by 6.



Appendix

Matlab symbolic matrices, first define some symbolic variables, and put them in matrix form:

syms a b;
Hmatrix=[a, b; b, al;

We can ask the eigenvalues of this equation:

eig (Hmatrix)
ans =

a+b
a-b

Next, lets add off diagonal elements:

syms a b delta;
dm=[0 delta; delta, 0];
newHmatrix=Hmatrix+dm;

And now we can calculate the eigenvalues of this.

eig(newHmatrix)
ans =

a-b -delta
a+ b+ delta

Here is the inverse of the operator:

invHmatrix=inv (Hmatrix)

invHmatrix

ans =

[ a~2/(a’2 - b2) - bA2/(a~2 - b~2), 0]
[ 0, a*2/(a"2 - b"2) - b*2/(a’2 - b2)]

Now normally | would expect the above to be the identity matrix. It is, its just not clear because
there are no associated values. To demonstrate, you can assign values to a and b and then re-

evaluate as follows:

a=5; b=9;
eval (Hmatrix)
ans =
5 9
9 5

eval (invHmatrix)
ans =



-0.0893 0.1607
0.1607 -0.0893

eval (invHmatrix*Hmatrix)
ans =

0
So, you have clearly ideintified the inverse. For similarity transforms, the inverse of a matrix is

the definition of the transpose.



