Chem 542 Problem Set 3

1. Transformation of variables between cartesian to cylindrical coordinates means:

0 d sin(¢d) 0

& = COS(q)) E - ¢ %
and

0 . d cos(¢p) 0

a—y = sin(¢) ar + . %

. . 92 02 . . 02 .

Now we are going to figure out what e, and 5y7 are. First, determine oz Via the FOIL
method:

(A - B) - (A - B)

0x2  0x0x

72 00 <CO d sin(¢) 6) <cos(¢)%—8in§¢)%>

Now you just must be careful that you do the “FOIL” method correctly; here it is:

AA’ + AB’ + BA’ + BB’
0? 0 0 d [—sin(¢p)\ 9 —sin(p)\ 0 0 —sin(p)\ 8 [—sin(d)) 2
Froe cos(¢)a-cos(¢)a+cos(¢)a-< - >£+< - >'%COS(¢)5+<T>£'<T>£

Now we are going to now simplify it.

a. Why can you simplify the AA’ term as:

2 G 0°
cos(p) 5,08 (d) i cos®(¢) 2

b. Why can’t you simplify the AB’ term as:

cos() 2 <— sin(¢)> 9 _ <— cos(¢) sin(¢)> 30
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but you can as:

9]

> . cos(¢) sin(p) — (—) 3

—sin(¢)

r

d
cos() a_<

C. Why can’t you simplify the BA’ term as:

<sm<¢)) os(@) 2 = <— sin(¢) c05(¢)> % o

r r

d. Why can’t you simplify the BB’ term as:

—sin(¢)\ 9 (—sin(¢p)) d _ sin*(¢p) 9?
o [l e

but you can as:

—sin($) 9 (—sin(¢) sin(¢)) 0 (q))_
r od r acb r2 d)s ¢

Answers:

a. Because % doesn’t operate on cos(¢), so it “slips” past the derivative.

b. Because % cannot slip past the % operator, but sin(¢) can.

c. Because cos(¢) cannot pass through the % operator.
d. Because sin(¢) cannot pass through the % operator, but % can.
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2. Using the "rules" from question 1, can you determine what :7

2

coordinates?

Answer:

2

cos* @) gz~ cos@ sin) g1 (1) = (T gy cost@ g+ (T g i@ 3
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is in cylindrical
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3. Using the "rules" from question 1, can you determine what :— is in cylindrical

y2

coordinates? You must show your work on this one.

Answer: Starting with:

2 90 (. d cos(p) 0 . 0 cos(¢p) 0
W—a—ya—y—<51n(¢)a . 6<|>> <1n(¢)a+ . £>

This leads to:

92 d d d d d d d
=S s @) 5+ sin@) - D DD iy 4 DS
52

e =S (0) 0+ in) <0531 (1) 7+ () osinan -+ (“552) costo o

My only question to you is, did you notice that | gave you the answer on the next page
before or after you worked the question?

h 92 92
It turns out t atﬁ+ﬁ_
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si (d))— <COS(¢)>6¢ cos(d))%

cos2<¢>a—2—cos(¢>sin<¢>3r-(%)%—(Si“(q’)) 0@ 5o+ () s s
9 9
z

sin? (<|>) >+ sin(¢) Cos(q)) —. (%) -+ <cos(<|>)>
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Note that two middle terms cancel:

_ d (1\ 0 1\ 0
— cos(¢) sin(d) i (—) % + sin(¢) cos(d)) — (—) % =0

2 62
Which Ieaves — + — =

cosz(d)) 62 (Sin(cl)))' i

0 (sin(¢)
%cos(cb)a < > IS 31n(c|))—+

r2 b



sin(4) 86_22 N (Cos(d))) 9 cos(¢)
r

JosIn(@) - + ( = )ad) cos(@) 51

Now we will break the sum into different parts to simplify it. | will re- represent — + — as:

2 0| | (sin(9)) @ ol | sin(q))) 0 .0
cos (d)]ar: [ ) ad)cms(d)]ar + e 5m(¢>]a¢ +
. 0 cos(9)) o (110 cos(¢)}&+ i
s 0) 2| [+ (<20 Sainio) 2 |+ (58] 2 coso)
solve in4a solve in 4b,c,d solve in5

4. a. Can you simplify the sum of the two leading terms to remove the angle parts:

2

2 2 0 —7
cos (cb)— + sin (cb)a? =7
Hint, it's really easy- what is the simplest trig identity you know?

b. Now let's deal with these two “middle” terms. We can show that if you add them
together then:

sin(¢) cos(¢) 10
(E9) 2 2 (@) 8 0 10

How? Let’s start by acting W(r) - ¥(¢) on the first term above:

sin(¢) 0¥ (r) - ‘}’(q)) sin(¢) OLP(r)
( . ( - >a¢ ORI

)a¢ () ——-

Can you show that the expression above can be simplified to:

sin? () O¥(r) [sin(¢)cos(p)\a¥(Pp) ¥ (r)
( r )lp((b) or _< r > Jdd  Or

C. Likewise show that the second term in pt. b reduces to:



cos(p)) 0 0¥(r) - ¥(d)

( . >£sm(c|))—ar
_ (cos?(d) O¥(r) [cos(Pp)sin(Pp)\o¥(Pp)o¥(r)
‘( : >“¢) < : >6<I> o

d. Now can you show that:

sin(¢) cos(p) 10¥(r) - ¥()
l ( r )043 (d))— < r >6¢Sm(¢) lqj(r) V() = -

Hint: for pt. b&c use the product rule.

Answers: a. First just factor: cosz(q>) P i 51n2(q>)— as (cos?(p) + sinz(q)))a"’—:2

and note that: cos?(¢) + sin?(¢) = 1. Thus cos?($) = + sin($) = = .

or?

b. The first step is to operate on: %cos(cb) - W(¢) which uses the product rule: %cos(q)) .

Y(¢p) = —sin(Pp) P(Pp) + cos(Pp) alg—((;’). Insert this into the equation:

(Sm(q’)) ( sin($) W(d) + cos(d) aq;g)¢)) %M \vhich simplifies to the answer.

c. Likewise (“22) = sin(¢) T = (22) sin() - W) T2 =

cos(p)
< r or

)( 0s(¢) - W(@) + sin() - a‘p(“’))aq’(r)—

cos? (¢) 05" ) (')Lgl(‘r) N cos((l))rsin(q)) E)ng)q)) 6‘2&1‘)

d. Combining the terms in pt. b&c:

sin?(¢) o¥(r) (sin(¢p) cos(Pp)\ oW (p) oW (r) (cos?(p) o¥(r)
( r )Iy(q)) or < r ) dp  or < )Lp(d)) or
+ cos(¢) sin(p)\ 9¥(p) 0¥ (r)
r op ar

(sin?(¢) + cos®(¢)) W) o) _ ¥($)a¥([)
r Jr r Jr



Therefore you can state that the operator is %%

5. Last one. In question 4 we have simplified all the terms but the last two:

sin(p)\ 0 | 0 cos(¢p)\ 0
< = >£-51n(¢)£+<r—2>%-cos

Try acting on this operator with a wavefunctionW(r) - ¥(¢) to show that it is equal to:

9]
(¢) 3

1 0%¥Y
v (55

Hint, you’re going to use the product rule again.

Answer: Well, do what it says:

z )3 sin(¢) IS Z )ag cos(¢) IS

i d ovY d ¥y
sn;(f))a.sin((p) aqu)) T (coigd))) cos(d) (d)

(sin(cp)) 0OV @) <cos(¢)> i W (r) - W(P) _

¥ ( Fry I

Now you have to use the product rule:

. v 92y oy R Y
Y(r) (sn;(;j))) (cos(q)) —6E|>¢) + sin(¢) 6(1)(24))) + ¥(r) (Coigq))) <— sin(¢) OEIJCI)) + cos(d) Oq)(zq))) =

sin(¢) cos(¢p) W ()  sin®(dp) *W(d) —sin(¢) cos($p) 0W(d) = cos?(d) I*W(dh)\
qJ(r)( = 20 +—0 37 )+W(r)( 2 3 +—0 397 )_

sin?(¢) 02W(¢) cos?(9) PW(D)\ . [sin(d) + cos?($) BPW()\ _ [ 10°W(d)
lp(r)( 1z 9?2 ) ¥ ( 12 92 ) - Lp(r)( r2 a2 ) =% (TZT&)

are the negative of eachother, so when added you get 0.

6. Calculate the 1s and 1p kinetic energy (in eV) for an electron in a 1 nm sphere.
Discuss whether this is a lot of energy or not so much (perhaps compare it to the
temperature necessary to reach the same thermal energy). Hint: you have to be careful
about finding the zero’s of a Bessel vs. spherical Bessel function.

Answer: From class, we saw that the energy was related to:

Joor1(k-a) =0



where k - a provides 0’s for the spherical Bessel functions. The 15t zero for the 1-s state
is at 3.14, and for the 1-p state it is 4.49, see:
https://quantummechanics.ucsd.edu/ph130a/130 notes/node226.html.

Hence, the energy of the 1-s state is:

2mE
72

a=3.14

Using a of 1 nm, etc., we find an energy of 6.02x10?° J, or 0.38 eV. Similarly, for the 1-
p state we find E=1.23x101° J, or 0.77 eV. This is a very large amount of energy, as it
corresponds to a thermal temperature of 4400K.

7. A certain one-particle, one-dimensional system has a wave function given by
Y = ae—ibte—bmxz/h

where a and b are constants and m is the particle’s mass. Given that the time-
dependent Schrodinger equation is:

ho 3 h%® 0% Vb= E
iatd}_ Zmale’b Y =Ep

a. Please find the potential energy function V.
b. While you're at it, find E (energy) for this system.

Answer: a. Starting with:

ho — ﬁiae—ibte—bmxz/h = b - qge~ibtg—bmx?/h

[tV T T

Factoring out y gives:

h o _
iatl/)_ v

And on the other side:

2 a2 2
_h a ae—ibte—bmxz/h=_h ae—ibt{

2m d0x? 2m h h

2hme ~bmx*/h <2bmx2 1)}


https://quantummechanics.ucsd.edu/ph130a/130_notes/node226.html

Simplification gives:

o {mee_bmxz/h <2bmx2 )}
——ae -1

2m h h
B #2 it 4b2m2xze—bmx2/h mee—bmxz/h
T m” n? n

Factoring out ¢ gives:
=2b*mx? -y + hb -

. - ha hz 92 5 I
Now going back to the original — ?alp = —%ﬁz/) + V1 expression:

hb-yp = —2b’mx? -y +hb-p + Vi
We can simply solve for V:

hb - + 2b*mx% - — hb - =V
Therefore V = 2b?mx?
b. Since —?%w = Hy = Ev, and that —?%lp = hb -y = Ey, clearly the energy is hb.
8. Let’s say that the last problem was secretly about the Harmonic oscillator, for which
the potential energy operator is: V = lkfo_ Can you determine what “b” actually is in

2

terms of the angular frequency: w = \/I:nz and show that the energy is: E = %hw?

Answer: If V = lkfx2 = 2b%m = lkf, then b = 1\/k7—f = 1w, andthus 7 = 2b?mx? =
2 2 2 m 2

w? 51 2.2 1 . . 1, [k 1
Zme =S mwx . Likewise the energy |sE=Eh ;z;hw.

9. Write the following complex numbers in the x+iy form.

1+3i
f1-2i

a. (2 + 3i)2

Answer: a. Just square the expression:



2+30)- 24+3)=4+6i+6i+92=4—9+12i = —5+ 12i

b. Try the same approach as last time:

1+3i(1+2i) 1+2i+3i+6i*® —5+50
1-2i(1+2i) 1+2i—-2i—4i® 5

10. Although you should be aware that imaginary
numbers are expressed as: a+ib, they may also come in
the form: re’® where x is the real axis and y is the

~1+

i

------------- z=a+ib
imaginary as shown here. Can you transform the .
following into that form? 0
. . | a real
a. 1+2i b. 1-i c. —.
1+i

Hint: the last one requires some additional effort.

Answer: a. Here you can see that the length and angle are defined by standard
trigonometric relationships: r = V12 + 22 = +/5; 6 = atan (?) = 1.107. Thus, the point is

V5 - 11078 — \[5 . pi:0.35m6

D.VZ:e 078456 — /7. o 70

1 1-i _ 1-i  _1-i 1
A+ (1-i)  1-i+i-i2 2 2

. 7
L o—078450 _ Y2 —ip6

Therefore the answer is g >



